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Decompression melting of hot upwelling rock in the mantle creates a region of partial melt
comprising a porous solid matrix through which magma rises buoyantly. Magma transport
and the compensating matrix deformation are commonly described by two-phase
compaction models, but melt production is less often incorporated. Melting is driven by
the necessity to maintain thermodynamic equilibrium between mineral grains in the
partial melt; the position and amount of partial melting that occur are thus
thermodynamically determined. We present a consistent model for the ascent of a one-
dimensional column of rock and provide solutions that reveal where and how much partial
melting occurs, the positions of the boundaries of the partial melt being determined by
conserving energy across them. Thermodynamic equilibrium of the boundary between
partial melt and the solid lithosphere requires a boundary condition on the effective
pressure (solid pressure minus melt pressure), which suggests that large effective stresses,
and hence fracture, are likely to occur near the base of the lithosphere. Matrix compaction,
melt separation and temperature in the partially molten region are all dependent on the
effective pressure, a fact that can lead to interesting oscillatory boundary-layer structures.

Keywords: partial melting; compaction; magma migration; mid-ocean ridges;
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1. Introduction

Beneath mid-ocean ridges and in isolated mantle plumes, upwelling mantle rock
undergoes partial melting. The production of melt and its subsequent migration
are responsible for the creation of new oceanic lithosphere and for the occurrence
of submarine and subaerial volcanism. Understanding the physical processes
involved in this generation and movement of magma is important in helping to
understand the thermal and chemical properties of the oceanic crust, and in
describing how magma can come to be emplaced in magma chambers and feed
volcanic eruptions. This paper aims to provide a consistent mathematical model
for these governing physical processes.

Partial melting occurs as a result of decompression melting—hot crystalline
rock ascending adiabatically from lower in the mantle finds itself above
the pressure-dependent melting temperature and begins to melt (figure 1). As
Proc. R. Soc. A

doi:10.1098/rspa.2008.0045
Published online
uthor for correspondence (hewitt@maths.ox.ac.uk).

eived 31 January 2008
epted 10 April 2008 1 This journal is q 2008 The Royal Society



partial melt

lithosphere

upwelling mantle
depth

solidus

mantle

geotherm

temperature(a) (b)

Figure 1. (a) The situation at a mid-ocean ridge where tectonic plates are diverging. (b) A schematic
of the mantle geotherm that would exist if the mantle were not to partially melt, and the
lithostatic solidus temperature at the ridge axis. Partial melting occurs where the geotherm
exceeds the solidus temperature.
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the rock continues to rise, it forms a two-phase mixture of solid and melt, which
undergoes continual melting until, near the surface, the temperature drops and
the rock solidifies. Thermodynamically, the melt forms preferentially at the
intersections of individual mineral grains that can be expected to form an
interconnected network (McKenzie 1984). The melt is therefore able to move
through the porous solid matrix and, being less dense, will rise buoyantly.

The whole situation can be described by the general theories of two-phase
flows with mass exchange between the phases (Drew 1983; Bercovici et al. 2001),
and many authors have proposed equations to model partially molten material
(Turcotte & Ahern 1978; Ahern & Turcotte 1979; McKenzie 1984; Fowler 1985;
Ribe 1985; Scott & Stevenson 1986; Spiegelman 1993; Bercovici et al. 2001).
These differ in some specifics, but have the same general form, and have been put
to a variety of uses. Surprisingly little attention, however, has been given to
posing and solving a full model for the partial melting process, which must
include, for example, not only the governing equations but also consistent
boundary conditions.

The first attempts to model the process were by Turcotte & Ahern (1978), who
considered Darcy flow through a deforming solid matrix with the melting
prescribed by an equilibrium relationship between temperature, pressure and melt
fraction. The principal assumption they make is that the pressure in melt and solid
are the same, stating that viscous deformation of the grains will readily occur over
short length scales (less than 100 m) to quickly equalize pressures. Effectively this
allows the matrix to freely compact as the melt migrates upwards through it.

It is now realized that this compaction is in fact due to the difference in
pressure between the phases, which must therefore be accounted for in any model
of the process, as is generally the case for other two-phase flows and particularly,
for example, in soil mechanics. Following the widely used form of the equations
suggested by McKenzie (1984), this pressure difference is commonly parame-
terized in terms of a bulk viscosity z, related in some way to the normal shear
Proc. R. Soc. A



3Partial melting
viscosity hs. The bulk viscosity essentially describes how easily a two-phase
material can be squeezed to extract the melt and, in the context of melt gene-
ration, will depend strongly on the melt fraction f. A number of arguments,
based on microscopic models, suggest that zwhs/f (Batchelor 1967; Fowler
1985; Sleep 1988; Bercovici et al. 2001).

Much of the work following McKenzie’s original equations has neglected the
melting process and concentrated on the melt migration and the matrix motion
when melt is somehow already in situ (Spiegelman & McKenzie 1987; Spiegelman
1993; Spiegelman et al. 2001). Fully describing the onset of partial melting and
placing this within the wider context of mantle circulation clearly requires the
thermodynamics to play a major part, and the often neglected energy equation
must therefore be included. The partial melt occupies only part of the ascending
mantle and its position should be found by considering the thermodynamics; the
boundaries are ‘free boundaries’, in the sense that their location is unknown a
priori and must be found as part of the solution.

The free boundary nature of this problem was actually identified in the early
work of Ahern & Turcotte (1979), who locate the depth at which melting begins
by considering the surrounding temperature field and ensuring continuity of
temperature gradients. Fowler (1989) describes the procedure to uncouple the
free boundary location from the interesting dynamics, which all occur within the
partial melt region, a method that we will employ later in this paper. Besides this
work, there has been no comparable attempt to solve the partial melt problem in
its proper context until the recent work by Šrámek et al. (2007), whose aims were
similar to our own. Based on the two-phase formalism of Bercovici et al. (2001),
they considered the total melting of an ascending column of rock, correctly
noting the free boundary at which melting starts, although attempting to
determine its position without suitable jump conditions.

In this paper we will review the equations describing the partial melt region
including the temperature as a principal variable and discuss appropriate
boundary conditions to apply to the partial melting that occurs beneath a mid-
ocean ridge. We provide solutions for the case of a one-dimensional upwelling
column of mantle such as might be appropriate directly beneath the ridge.
The situation differs from that considered by Šrámek et al. (2007), in that
we apply thermal boundary conditions at the Earth’s surface that acts as a ‘lid’ on
the partial melt below. This causes a solidified boundary layer (the lithosphere) to
form and its position, just as the position of the onset of melting, must be
determined by conserving energy across the boundary. The requisite dynamical
boundary condition to apply to the partial melt at this upper boundary has
previously been addressed only by Fowler (1989, 1990a) and is not entirely
obvious; we show below that the requirement that the boundary itself is in
thermodynamic equilibrium necessitates that the pressures in the solid and the
melt be equal there. Given the complexity of the modelling, the emphasis here is
on physics rather than chemistry and we treat the rock as a single thermodynamic
component. We hope that the additional effects when the mantle is more
realistically treated as multi-component can be incorporated at a later stage.

Given a prescribed mantle ascent rate (this we consider to be externally driven
by the large-scale mantle circulation) and the temperature of the upwelling rock,
our results allow for the full determination of where and how much partial
melting occurs.
Proc. R. Soc. A
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Figure 2. (a) Schematic of the model situation considered in §2. The partially molten region D is
bounded by vD from the subsolidus regions DC. Arrows show the direction of matrix motion at a
mid-ocean ridge. (b) The one-dimensional set-up, with y measured vertically upwards and the
partial melt occupying yb!y!ya.
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2. Mathematical model

The situation we consider is shown in figure 2; the upwelling of mantle rock
causes a region D to become partially molten while the region DC, which will be
referred to as ‘subsolidus’, is solid. The boundary vD is unknown and our model
therefore consists of equations to describe the dynamics within D and DC,
together with the boundary conditions across vD, at the fixed Earth surface and
in the deep mantle.

(a ) Conservation equations for a compacting partially molten region

The equations we use to model the partially molten region are for Darcy flow
through a deforming solid matrix (Fowler 1985). More complicated equations
giving a systematic description of two-phase flow are possible in which many extra
surface effects can be included (Drew 1983; Fowler 1985, 1990a; Bercovici et al.
2001; Šrámek et al. 2007); but once the usual simplifying assumptions are made
concerning interactive drag coefficients and the partitioning of surface forces, these
are often reduced to Darcy’s law. Since such details are available elsewhere and we
do not wish to confuse the issue by introducing more physics than necessary,
we start from the outset by assuming that melt flow obeys Darcy’s law.

(i) Mass and momentum conservation

Conservation of mass for each phase is expressed by

vf

vt
CV$ðfuÞZm

r l

; ð2:1Þ

K
vf

vt
CV$ðð1KfÞV ÞZK

m

rs
; ð2:2Þ
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5Partial melting
in which u and V are the velocities of melt and solid, respectively; rl and rs are
the densities of melt and solid, respectively; and m (kg mK3 sK1) is the melt rate
converting solid into melt.

We write Darcy’s law in the form

fðuKV ÞZ
kf
hl

ðKVp lCr lgÞ; ð2:3Þ

where the permeability kf is

kf Z
a2f2

b
: ð2:4Þ

Here, a is a typical grain size; b is a tortuosity factor; and hl is the viscosity of
the melt.

Along with Darcy’s law to describe the relative motion of the two phases, we
require the conservation of total momentum, which we write as

V$ðð1KfÞssÞCV$ðfslÞCðfr lCð1KfÞrsÞg Z 0; ð2:5Þ

in which we take the following constitutive laws for the stress tensor s in
melt and solid, based on the assumption that the fluid supports negligible
deviatoric stress:

sl ZKp ld; ð2:6Þ

ss ZKp sdCt; tij Zhs
vVi

vxj
C

vVj

vxi
K

2

3
V$Vdij

� �
; ð2:7Þ

where pl and ps are the pressure in melt and solid, respectively, and hs is the
viscosity of the solid rock.

(ii) Compaction

As in any two-phase flow, wemust close the problem by prescribing some relation
between the pressures of the phases. This is commonly done using a bulk viscosity,

p sK p l ZKzV$V ; ð2:8Þ
but this expression is more properly viewed as the definition of the bulk viscosity,
which we should therefore derive. Expression (2.8) follows from amicroscopic model
of the deformation of individual ‘tubules’ in the porous matrix (Nye 1953; Sleep
1988); if we consider these as cylinders of radius a, the walls of the cylinder will
enlarge by melting and close down by viscous creep at a rate pa2ðp sK p lÞ=hs, thus

2pa
da

dt
Z

m

rs
K

pa2

hs
ðp sK p lÞ: ð2:9Þ

Associating the area of these tubules with the porosity, we have

f

hs
ðp sK p lÞZ

m

rs
K

df

dt
; ð2:10Þ

and now combining with (2.2) and ignoring the small term proportional to f (this
argument is only appropriate with the assumption of small porosity) gives (2.8) in
the form

p sK p l ZK
hs

f
V$V : ð2:11Þ
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I. J. Hewitt and A. C. Fowler6
Similar expressions can be derived from alternative microscopic models;
Batchelor (1967) derived the same expression for the bulk viscosity by
considering energy dissipation when a two-phase material is compressed, and
Šrámek et al. (2007) also recovered (2.8) with a more in-depth discussion of the
interface thermodynamics.
(iii) Energy conservation

In order to model the melting process and prescribe the melting term m in
(2.1) and (2.2), we must consider energy conservation. Since the phase change is
all important, we separate out the internal energy of the solid e s and melt e l, and
conservation of these requires

v

vt
ðð1KfÞrsesCfr lelÞCV$ðð1KfÞrsesVCfr leluÞZV$ðrsckVTÞCJ; ð2:12Þ

where to avoid complications we assume that the thermal conductivity rsck,
specific heat capacity c and thermal diffusivity k are the same in each phase. The
source term J is the work done by viscous forces.

Using the conservation of mass and momentum in the usual way and the
definition of latent heat

LZDeCp lDv ð2:13Þ

(vZ1/r is the specific volume), we can rewrite (2.12) as

mLCr lcf
v

vt
Cu$V

� �
T Crscð1KfÞ v

vt
CV$V

� �
T

KbTf
v

vt
Cu$V

� �
p lKbTð1KfÞ v

vt
CV$V

� �
p s ZV$ðrsckVTÞCF: ð2:14Þ

Here b is the thermal expansion coefficient and F is the viscous dissipation, given
with the rheologies above, by

FZfðuKV Þ$ðKVp lCr lgÞKð1KfÞðp sK p lÞV$V Cð1KfÞt : VV : ð2:15Þ

(iv) Local thermodynamic equilibrium

We make the assumption that the partially molten region is in local
thermodynamic equilibrium—that is, we assume that the flow of heat across
the solid–melt interface is virtually instantaneous and given the local stress field
the interfacial temperature will quickly reach equilibrium. Our assumptions
concerning the pressure difference p sK p ls0 mean that the stresses do not
equilibrate so readily, so local thermodynamic equilibrium means that the tempe-
rature will depend on the interfacial stress which, since hl/hs, is the liquid
pressure p l (Kamb 1961).

Thermodynamic equilibrium requires the continuity of free energy across the
interface, thus we require

DG ZDhKTDS Z 0; ð2:16Þ
Proc. R. Soc. A



7Partial melting
where DGZGlKGs is the difference in specific Gibbs free energy; DhZ
DeK p lDv is the specific enthalpy difference; and DSZSlKSs is the specific
entropy difference. By considering variations in the pressure p l and melting tem-
perature TS from a reference state, we have the equilibrium Clapeyron condition

TS ZT0CGp l; ð2:17Þ

in which G is the usual Clapeyron slope. The subscript ‘S’ here refers to the solidus
temperature; more generally, this will also depend on the composition of the rock,
but we consider only one component for simplicity, so that the solidus depends only
on pressure.
(b ) Subsolidus rock

Outside the partial melt region D, the solidified rock obeys simpler and more
standard equations. The continuity and momentum equations are

V$V Z 0; ð2:18Þ

KVpCV$tCrsg Z 0; ð2:19Þ

tij Zhs
vVi

vxj
C

vVj

vxi

� �
; ð2:20Þ

while the energy equation, including the same terms as (2.14), is

rsc
v

vt
CV$V

� �
TKbT

v

vt
CV$V

� �
pZV$ðrsckVTÞCF: ð2:21Þ

(c ) Boundary conditions

Two types of boundary conditions are required to consider the problem set out in
figure 2; prescribed conditions at the ‘fixed’ boundaries—the surface and the deep
mantle—and conservation laws across the interface vD between subsolidus and
partiallymolten rock.The formerwill simplyprescribe the temperature at the surface
and of the upwelling mantle, but we delay their discussion until the next section.
(i) Conservation laws

Across the boundary vD, we must apply the same conservation laws as in
the partial melt and subsolidus regions. Working from the integral form of the
conservation laws in (2.1), (2.2), (2.5) and (2.12), we derive (see Fowler 1985 for
instance) the following ‘jump’ conditions between values on either side of
the boundary:

½r lfCrsð1KfÞK rs�v$n Z r lfu$nCrsð1KfÞV$nK rsV
C$n; ð2:22Þ
Proc. R. Soc. A
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fsl$nCð1KfÞss$n ZsC$n; ð2:23Þ

½r lfel Crsð1KfÞesK rse
C
s �v$n Z ½r lfelu$nCrsð1KfÞesV$nK rse

C
s V

C$n�

C rsck
vT

vn

� �C
K

K½fuislijnj Cð1KfÞVis
s
ijnjKVC

i sCij nj �:

ð2:24Þ
Here C refers to subsolidus variables, while the subscripts s and l refer to values
in the partial melt; n is the outward pointing normal to the boundary; and v is
the velocity of the boundary. ½ �CK denotes the jump in the quantity from partial
melt to subsolidus regions. Ignoring the small deviatoric stress in (2.23), these
can be rearranged to give the following conditions:

r lfðvKuÞ$nK rsfðvKV Þ$n Z rsðVKVCÞ$n; ð2:25Þ

fp lCð1KfÞp s Z pC; ð2:26Þ

r lLfðvKuÞ$n Z rsck
vT

vn

� �C
K

Kfð1KfÞðp sK p lÞ
r l

rs
ðuKvÞ$nKðVKvÞ$n

� �
:

ð2:27Þ
We must also require the continuity of temperature across the boundary,

½T �CK Z 0: ð2:28Þ

(ii) Thermodynamic equilibrium of the boundaries

Conditions (2.25)–(2.28) tell us something about the velocity, temperature
and pressures at vD, but are not sufficient to close the problem; condition (2.26)
can provide only one condition on the pressures ps and pl and since these are
different we still need another condition to relate them. We also need a condition
on the melt fraction f; it seems intuitive to assume that the melt fraction at the
onset of melting is 0 so that the necessary condition is fZ0 on the lower part of
vD (this may be defined specifically as that part of vD where V$n!0). We can
in fact derive this condition, and the extra condition on the pressure, by the
requirement that the boundary itself is in thermodynamic equilibrium; we have
previously assumed a local thermodynamic equilibrium within the partial melt,
where the temperature is thus related to the local stress conditions. At the
boundary vD, we also suppose that macroscopic thermodynamic equilibrium
must be achieved between the partially molten and subsolidus regions, by
ensuring the continuity of the average Gibbs free energy across the boundary.

We can write the average free energy on either side of the boundary (see
Fowler 1990a) as

GCZ hCs KTSs; GKZ ðhsKTSsÞCfðDhKTDSÞ: ð2:29Þ
In the reference state in which p sZp lZpC, hsZhC so continuity requires

½G �CK ZKfðDhKTDSÞZ 0; ð2:30Þ
Proc. R. Soc. A



9Partial melting
which is the local equilibrium condition (2.16). Perturbations dps, dp l, dp
C, dT

and df to pressures, temperature andmelt fraction must maintain this equilibrium
and, noting that d½fðDhKTDSÞ�Z0 for local equilibrium, we therefore require

½dG �CK Z ðvsdpCKSsdTÞKðvsdp sKSsdTÞZ 0: ð2:31Þ
Since in the reference state psZpC, we find the thermodynamic boundary condition
psZpC. From (2.26), this provides the extra condition on vD,

fðp sK p lÞZ 0: ð2:32Þ
Note that this condition requires that either themelt fractionf is zero or the pressure
difference psKp l is zero. In practice, we expect the former to apply to the lower part of
vD where the melting begins and the latter to apply to the upper boundary. From
(2.27), this implies a continuous temperature gradient at the lower boundary, but
solidification and a jump in temperature gradient at the upper boundary.

We are forced to assume here that melt will solidify at the upper boundary of
the partial melt region. That this is not necessarily the case is manifestly true;
magma erupts from the surface and is known to be emplaced in magma chambers
within the lithosphere. However, the processes that allow this to happen are not
entirely clear; certainly, it seems that magmafracturing and transport up pre-
existing conduits within the lithosphere play a major part, but how these are
connected to the partial melt zone below is very much open to debate. Some form
of localization of the melt flow, or tendency for the partial melt itself to undergo
fracture, seem to be required.

In the absence of any definite idea of what precisely does happen at the top of
the partial melt region, we look for the simplest thermodynamically viable
solution, and therefore make the naive assumption that all the melt solidifies—
solidification of this sort is referred to as underplating of the lithosphere.
(d ) Non-dimensionalization

We expect to prescribe the mantle velocity that results from larger scale
mantle convection, and our solutions will focus only on the one-dimensional
column of mantle directly beneath a ridge or plume axis. We label the surface of
the Earth yZ0, with y being the vertical coordinate. If no partial melting
occurred, the mantle would rise steadily, the pressure profile would be lithostatic
p sZpmCrsgðymKyÞ and the melting temperature would be given instead of
(2.17), by the lithostatic solidus,

TLS ZT0 CGp s ZTm CGrsgðymKyÞ: ð2:33Þ

The depth ym here is a reference depth at which the lithostatic pressure is pm and
the lithostatic solidus is Tm. The adiabatic geotherm that the ascending rock
would follow would in some places be above the lithostatic solidus (figure 1), and
this is (approximately) the region that must therefore undergo partial melting.
We therefore choose the reference depth ym to be the depth at which the
lithostatic solidus and adiabatic geotherm first intersect—this should be near to
(though as we shall see, not exactly) the depth at which melting starts. We take
this depth to be known, which effectively means that we prescribe the
temperature of the upwelling rock.
Proc. R. Soc. A



I. J. Hewitt and A. C. Fowler10
Somewhere close to ym partial melting begins, and somewhere close to the
surface yZ0, the cold surface temperature is noted and the partial melting
region ends. We label these positions yb and ya, respectively, as shown in
figure 2. As discussed above, the exact positions of these boundaries must form
part of the solution, being found from the conservation laws in §2c. However,
the interesting dynamics are all contained within the partial melt region that
therefore attracts the majority of our attention; for this reason, we define
another vertical coordinate zZyK yb so that the partial melt occupies
0!z! lhyaK yb. By taking a good guess for this depth l, we can find the
solution for the partial melt region, and then use the jump conditions at yb and
ya to precisely locate these boundaries that then define the actual depth l. In
this way, we can effectively separate out the solution within the partial melt
region and the determination of the free boundaries. A similar procedure was
outlined by Fowler (1989).

The relevant length scale is the depth l (a priori we have only a guess at
exactly what it should be, but it can be revised later) to which all lengths are
scaled. The temperature within the partial melt follows the solidus, which
will be approximately given by (2.33); we thus define qZTKTm and scale
qwrsglG.

We take the mantle velocity scale V0 to be prescribed—it can be inferred by
measuring the rate of spreading at mid-ocean ridges—and the melting scale
follows from balancing the Clapeyron slope with the latent heat consumption in
(2.14). The melt velocity is determined principally by buoyancy in (2.3), and the
melt fraction then follows from balancing divergence with melt production in
(2.1). Thus, we scale

mLwrscGrsgV ; fuw
kf
hl

Drgw
ml

r l

: ð2:34Þ

With the reference point ym, pm and Tm defined above, we scale the solid pressure
p sKpmwrsgl. We expect the melt pressure p l to follow a similar scale, but in fact
it is the pressure difference or effective pressure

N Z psK p l; ð2:35Þ

which is crucial to the compaction dynamics, and we therefore use it as a primary
variable. The appropriate scale for this effective pressure comes from balancing
terms in the compaction relation (2.11),

Nw
hs

f

fu

l
: ð2:36Þ

These balances define the following scales:

m 0 Z
cGr2sgV0

L
; f0 Z

bhlcGr
2
sV0l

a2Lr lDr

� �1=2
; u0 Z

a2Drg

bhl
f0;

N0 Z
hsa

2f0Drg

bhll
; q0 Z rsglG; t0 Z

l

V0

:

9>>>>=
>>>>;

ð2:37Þ
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11Partial melting
With these scales, we rewrite the equations for the partial melt region in the
non-dimensional form

3
vf

vt
CV$ðfuÞZm; ð2:38Þ

3r
vf

vt
CV$ðfV Þ

� �
KSt V$V Zm; ð2:39Þ

fðuK3V ÞZf2 kCdVNK
r

rK1
ðVp s CkÞ

� �
; ð2:40Þ

Vp sCk Z
rK1

r
f0dVðfNÞC rK1

r
f0fkC

rK1

r
d3V$ðð1Kf0fÞtÞ: ð2:41Þ

The compaction relation becomes

rfN ZKSt V$V ð2:42Þ
and the energy equation is

mC
1

St
f 3

v

vt
Cu$V

� �
qKlr 3

v

vt
Cu$V

� �
ðp sK dsNÞ

� �

Cð1Kf0fÞ
v

vt
CV$V

� �
qKlð1CmqÞ v

vt
CV$V

� �
p s

� �

Z
1

Pe
V2qC

rK1

r
St n

r

St
fðuK3V Þ$ kCdVNK

r

rK1
ðVp s CkÞ

� �h
Cd3ð1Kf0fÞt : VVKdð1Kf0fÞNV$V

i
:

ð2:43Þ
The solidus (2.17), to which the temperature in the partial melt is confined, is

qZ p sK dsN : ð2:44Þ
Several new non-dimensional parameters have been defined as

r Z
rs

r l

; lZ
bTm

rscG
; mZ

q0

Tm

; PeZ
V0l

k
; nZ

gl

L
; StZ

L

crsglG
;

3Z
V0

u0

Z
bhlr lLV0

a2Drr2sg
2cGl

� �1=2
; dZ

N0

Drgl
Z

kf0
hs

hlf0l
2
; ds Z

rK1

r
d; ð2:45Þ

r is the density ratio; l is the ratio of adiabatic to solidus temperature gradients;
m is the ratio of temperature variation across the partial melt to absolute
temperature; Pe is the usual Péclet number; and n is the ratio of gravitational
potential energy to latent heat; St is the usual Stefan number, the ratio of latent
to sensible heat, which also turns out in this problem to give the ratio of solid
mass flux to melt mass flux—further emphasizing that the whole system is
thermodynamically driven; 3 is the ratio of typical velocities of solid and melt; d
is the ratio of effective pressure gradients to buoyancy; and ds is the ratio of
effective pressure gradients to the lithostatic pressure gradient.
Proc. R. Soc. A



Table 1. Values of model constants.

parameter value

g 10 m sK2

rs 3!103 kg mK3

rl 2.5!103 kg mK3

G 10K7 K PaK1

c 103 J kgK1 KK1

k 10K6 m2 sK1

L 3!105 J kgK1

b 3!10K5 KK1

b 1000
a 2!10K3 m
hl 10 Pa s
hs 1019 Pa s
Tm 1500 K
Ts 300 K

I. J. Hewitt and A. C. Fowler12
Table 1 shows typical values of the various constants, which we use to
estimate the size of the scales and non-dimensional parameters. Typical esti-
mates of the rate of mid-ocean ridge spreading suggest that new crust is gene-
rated at a rate between 1 and 10 cm yrK1. We take the mantle velocity scale
V0Z10K9 m sK1z3 cm yrK1 consistent with this range. The depth l of the
partial melting region is yet to be found exactly but will be given approximately
by Kym, for which we take the nominal value 50 km.

With the values given in table 1, we find

m 0w3!10K11 kg mK3 sK1; f0w0:02; u0w3:5!10K8 m sK1;

N0w7!106 Pa; q0w150 K; t0w5!1013 sðw1:5 MyrÞ;

)
ð2:46Þ

and the parameters are

rw1:2; lw0:15; mw0:1; Pew50; nw1:6;

Stw2; 3w0:03; dw0:03; dsw0:005:

)
ð2:47Þ

There is a certain degree of uncertainty and variability in many of the
parameters used here. Properties of the mantle and melt such as density and
viscosity depend considerably on composition; rhyolitic magma is many orders of
magnitude more viscous than basaltic magma for example, but somewhere
between 1 and 100 Pa s is probably an average value for basalt (Ahern &
Turcotte 1979). Density and viscosity also vary with temperature (this is what
causes mantle convection in the first place), but such effects will be ignored for
the purposes of this study. We take the values in (2.47) to be representative of
typical mantle conditions, but bear in mind that there may be significant
variations from these. Many of the parameters are small, which will allow
approximate analytic solutions to be found.
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With the same scales and parameters, the boundary conditions on vD become

1

St
fð3vnK unÞKf0fðvnKVnÞZ VnKVC

n

� �
; ð2:48Þ

p sK dsf0fN Z pC; ð2:49Þ

fð3vnK unÞZ
1

Pe

vq

vn

� �C
K

; ð2:50Þ

½q�CK Z 0 ð2:51Þ
and

fN Z 0: ð2:52Þ
We can now also consider the boundary conditions for the whole problem. We

assume that the limiting vertical velocity W0Z limy/KNV$k exists and is
known. Then from the dimensionless version of (2.21), noting that m is small, the
adiabatic temperature variation of the deep mantle requires

q/lðymKyÞ as y/KN: ð2:53Þ
The temperature Ts at the surface yZ0 is known and therefore we have

qZ qs at y Z 0; ð2:54Þ
where qsZðTsKTmÞ=q0 can be expected to be large and negative, being
measured with respect to the reference melting temperature Tm.

To summarize our model, (2.38)–(2.44) provide the equations for the partial
melt region D, dimensionless versions of (2.18)–(2.21) provide the equivalent
equations for the subsolidus regions DC, (2.48)–(2.52) provide the conditions
across the boundary vD and (2.53) and (2.54) are the fixed thermal boundary
conditions. The equations for the partial melt region are essentially the same as
those proposed by Fowler (1985) and also by McKenzie (1984), when the porosity
dependence of the bulk viscosity is realized. In comparing withMcKenzie’s original
formulation, note that the compaction length is given here by

ffiffiffi
d

p
l Z

ffiffiffiffiffiffiffiffiffiffiffi
kf0

z0

hl

s
: ð2:55Þ

The equations also contain the same information as those used by Šrámek et al.
(2007), but are written in terms of the effective pressure N rather than fluid
pressure p l. Our simplification of the equations will be slightly different from theirs
because we make use of the fact that the melt fraction is everywhere small by
neglecting terms of relative order f0.

The equations will be further simplified in our analysis of the next section by
making the Boussinesq approximation rZ1, by setting l to zero (we do not
expect the adiabatic effects to be important), and by neglecting the terms of
order 3d in the momentum equations. This last approximation is appropriate
because the bulk viscosity zZhs=f is considerably larger than shear viscosity
when the melt fraction is small; in the momentum equations (2.40) and (2.41),
this means matrix stress gradients are less important than effective pressure
Proc. R. Soc. A
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gradients by a factor 3. This highlights the dynamical importance of the effective
pressure and justifies Fowler’s earlier assumption (Fowler 1985, 1989, 1990b) that
the solid pressure (from (2.41)) is approximately lithostatic (Šrámek et al. 2007).
3. Steady one-dimensional solutions

In one dimension, we have VZWk and uZwk. With the approximations lZ0,
rZ1 and dsZ0 and ignoring terms of order f0, the partial melt equations become

fðwK3W ÞZf2ð1CdNzÞ; ð3:1Þ

3ft C3ðfW Þz C ½f2ð1CdNzÞ�z Zm; ð3:2Þ

Wz C
1

St
½f2ð1CdNzÞ�z Z 0; ð3:3Þ

fN Z ½f2ð1CdNzÞ�z ; ð3:4Þ

mK
1

St
f2ð1CdNzÞKW ZKd2PNzz : ð3:5Þ

We have defined the new parameter

P Z ds=d
2Pe; ð3:6Þ

which we do not neglect, on the basis that this diffusive term may be important
near the boundaries; with our typical values P is O(1). Equation (3.1) is Darcy’s
law, (3.2) and (3.3) are mass conservation equations, (3.4) is the compaction
relation and (3.5) is the energy equation, in which the remaining physics are latent
heat consumption, heat advection and heat conduction. Equations (3.1)–(3.5) are
to be solved on the domain 0!z!1, and we have the boundary conditions

W ZW0; fZ 0 at z Z 0; ð3:7Þ

N Z 0 at z Z 1: ð3:8Þ
The remaining jump conditions will be used later to find the exact position of the
boundaries. Note that (3.4) is elliptic for N, and we might therefore expect a
condition on N at zZ0, but since it is degenerate as f/0, it seems conditions
(3.7) and (3.8) are sufficient.

(a ) Boundary-layer solutions

From (3.3) and (3.7), we find immediately

W ZW0K
1

St
f2ð1CdNzÞ ð3:9Þ

and noting that 3=StZf0=r and we are neglecting the terms of order f0, the
remaining equations reduce to give

3ft C3W0fz CfN ZW0Kd2PNzz ; ð3:10Þ

fN Z ½f2ð1CdNzÞ�z : ð3:11Þ
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(i) Outer solution

From (2.47), we have typical values 3w0.03, dw0.03 and Pw0.1. The steady
outer solution obtained by taking 3,d/0 satisfies

½f2�z ZfN ZW0: ð3:12Þ
It turns out that in order to find a sensible boundary-layer solution we should
choose this outer solution to satisfy the condition fZ0 at zZ0, although we will
still require a boundary layer there since this suggests N/N as z/0. The outer
solutions are therefore

fZW
1=2
0 z1=2; N Z

W
1=2
0

z1=2
: ð3:13Þ

Šrámek et al. (2007) describe this as the ‘Darcy solution’ since the buoyancy
force is balanced by viscous drag. The effective pressure is able to freely adjust to
allow the necessary compaction of the matrix, which balances the melt
divergence—the melt flow is essentially decoupled from the matrix deformation,
and exactly the same behaviour is therefore found in Ahern & Turcotte’s (1979)
results. Near the boundaries, however, the effective pressure cannot adjust in the
same way and the relation between melt and matrix flow is less straightforward.
(ii) Boundary layer at zZ0

Near zZ0, guided by the outer solution (3.13), we write

z Z d2=3ẑ; N Z dK1=3N̂ ; fZ d1=3f̂: ð3:14Þ
Then

3

d1=3
W0f̂ẑ C f̂N̂ ZW0Kd1=3PN̂ ẑẑ ; ð3:15Þ

f̂N̂ Z ½f̂2ð1C N̂ ẑÞ�ẑ ; ð3:16Þ
with the boundary and matching conditions,

f̂Z 0 at ẑ Z 0; f̂wW
1=2
0 ẑ1=2 and N̂ w

W
1=2
0

ẑ1=2
as ẑ/N: ð3:17Þ

Assuming d1=3P/1 and 3/d1=3, we have the single ordinary differential
equation for N̂ ,

N̂ ẑ Z
ẑN̂

2

W0

K1: ð3:18Þ

It is clear that depending on the value of N̂ at ẑZ0, solutions to this equation
may either blow up at finite ẑ (if N̂ ð0Þ is large enough) or decrease to 0 at finite ẑ
(if N̂ ð0Þ is small enough). The behaviour varies monotonically with the value of
N̂ ð0Þ between these extremes and there must be a unique value, N̂ 0, such that
the solution matches up with the outer solution as ẑ/N. Numerical solution
gives N̂ 0z1:37W

1=3
0 .

With this initial value for N, we no longer satisfy fZ0 at zZ0, but have
f̂ð0ÞZN̂ 0=W0. As suggested by the first term in (3.15), we need to rescale z again
to find the smaller inner boundary region in which f goes to 0. Writing
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ẑZ3dK1=3�z, the equations become

W0f̂�z C f̂N̂ ZW0; N̂ ZN̂ 0COð3dK1=3Þ; ð3:19Þ
with f̂/N̂ 0=W0 as �z/N. The solution is straightforward,

f̂Z
W0

N̂ 0

1KeKN̂ 0�z=W0

� �
: ð3:20Þ

In earlier work on this problem, the boundary layer at the bottom of the melt
region has been called the compaction layer (McKenzie 1984; Fowler 1985; Ribe
1985), a somewhat misleading name since compaction occurs everywhere within
the region and is actually restricted in this bottom layer by the large bulk
viscosity; the melt pressure here is almost hydrostatic and melt production
balances the convective derivative of f in (3.2). This corresponds to Šrámek
et al.’s (2007) ‘viscogravitational equilibrium’.

(iii) Boundary layer at zZ1

At zZ1 there must be another boundary layer to satisfy NZ0. We write

z Z 1KdZ ; ð3:21Þ
and defining

E Z 3W0=d; ð3:22Þ
rewrite the equations as

KEfZ CfN ZW0KPNZZ ; ð3:23Þ

dfN ZKf2ð1KNZÞ

 �

Z ; ð3:24Þ

with matching conditions

f/W
1=2
0 ; N/W

1=2
0 as Z/N: ð3:25Þ

Now by taking d/0, a first integral of (3.24) produces the coupled set of first-
order ordinary differential equations,

NZ Z 1K
W0

f2
hKðfÞ; fZ Z

W0KfN
2W0P
f3 KE

h
Gðf;NÞ
V ðfÞ ; ð3:26Þ

for which we are required to find a trajectory joining NZ0 to ðf;NÞZ
ðW 1=2

0 ;W
1=2
0 Þ as Z goes from 0 to N.

Represented on a phase plane these equations are shown in figure 3, where we
define the nullclines KZ0 and GZ0 and the line VZ0 on which fZ becomes

infinite. Provided 2P!EW
1=2
0 , we find that the fixed point ðW 1=2

0 ;W
1=2
0 Þ is a

saddle point and there is one unique trajectory that reaches it from NZ0, with
f and N varying monotonically. The implications when 2POEW

1=2
0 will be

discussed in §4.

(b ) Numerical solutions

Our simplified equations (3.7)–(3.10) can also be solved numerically. To find
the solution, we actually solve the time-dependent version of the equations, which
we allow to evolve to a steady state. Equation (3.11) is treated as a quadrature
Proc. R. Soc. A
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Figure 3. Phase plane for the system (3.26) in the two cases (a) 2P!EW
1=2
0 and (b) 2POEW

1=2
0 ,

when W0Z1. The dashed lines are the nullclines GZ0 and KZ0, and the line VZ0 on which fZ is
infinite. In (a) the fixed point ðW 1=2

0 ;W
1=2
0 Þ is a saddle point with a unique trajectory reaching this

point from NZ0. In (b) the fixed point is a spiral point and the trajectory that reaches it from NZ0
must pass through the degenerate saddle point GZVZ0. In the situation shown here, this is the only
possible spiralling trajectory that enters the fixed point from NZ0 but in general, depending upon the
parameters, there may be other such trajectories that start with VO0 and do not pass through the
degenerate point; a further inspection of such solutions suggests that they would be unstable, so that
the trajectory passing through the degenerate saddle gives the only viable boundary-layer solution.

17Partial melting
for N given f and this is used to step the f solution forward in time using (3.10).
We use a uniform grid on which (3.11) is discretized to second-order accuracy.

A solution found in this way is shown in figure 4. In this we can clearly see
the general parabolic profile of the melt fraction and its inverse relation with the
effective pressure (3.13), the boundary layer at zZ1 of width 1Kzwd and
the inner boundary layer at zZ0 of order zw3d1=3. Less obvious is the outer part
of this boundary layer of width zwd2=3, although the limiting values N/
dK1=3N̂ 0z4:4 and f/d1=3W0=N̂ 0z0:23 can be seen.
(c ) Free boundary location

We have now found solutions for the melt fraction and effective pressure (and
therefore also temperature, melt and matrix velocities) within the partially
molten region assuming that we knew the size of this region. As has already been
discussed, its position and size (indeed whether partial melting occurs at all)
must be found by considering the temperature of the surrounding rock.

In the one-dimensional situation we consider, and with the same approxi-
mations as before, the equations (2.18)–(2.21) for the subsolidus region simply tell
us that the velocity is constant VZW0k, the pressure is lithostatic pZymKy
and the dimensionless temperature therefore satisfies the steady-state equation

W0qy Z
1

Pe
qyy: ð3:27Þ
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Figure 4. Steady-state solutions of equations (3.10) and (3.11) with boundary conditions (3.7) and
(3.8), with 3Z0.03, dZ0.03, PZ0.1 and W0Z1. The solid line shows the numerical solution, while
dashed lines show the analytic approximations from §3a: an outer parabolic profile for melt fraction
f; a boundary layer at zZ1 of width d in which the melt pressure adjusts to the boundary condition
NZ0 there; and the inner boundary layer at zZ0 of width 3d1=3 in which f decreases exponentially
to zero. The analytic solution for the outer part of this layer is not shown to avoid losing clarity.
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This is to be solved on 0OyOya and ybOyOKN, and the relevant boundary
conditions are (2.53) and (2.54) along with the jump conditions (2.50) and (2.51)
(with vnZ0 in the steady state),

qZ qs at y Z 0; ð3:28Þ

q/0 as y/KN; ð3:29Þ

qZ ymK ybK dsNð0Þ; qy ZK1K dsNzð0Þ at y Z yb; ð3:30Þ

qZymKya; qy ZK1KdsNzð1ÞKPe½3fð1ÞW0Cfð1Þ2ð1CdNzð1ÞÞ� at yZya:

ð3:31Þ

These six boundary conditions provide all the information we need to solve for the
temperature profile within the two disjoint subsolidus regions, with the extra two
conditions determining the position of the two boundaries ya and yb (non-
dimensionally, yaZybC1, so locating ya is equivalent to fixing the length scale l ).

The solutions of (3.27) for the temperature in the subsolidus regions are
exponentials; applying all six boundary conditions (3.28)–(3.31) results in the
simultaneous equations for ya and yb,

KðexpðKPeW0yaÞK1Þð1CdsNzð1ÞCPe½3fð1ÞW0Cfð1Þ2ð1CdNzð1ÞÞ�Þ

ZPeW0ðqs CyaK ymÞ; ð3:32Þ
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1CdsNzð0ÞKPeW0ðybK ymCdsNð0ÞÞZ 0: ð3:33Þ
The parameters and the scalings for the variables in (3.32) and (3.33) are
themselves dependent on the unknown length scale l, and, since yaZybC1, these
two equations may be rewritten as one nonlinear equation for l.

The procedure we adopt is as follows: we take a guess l� at the depth of the
partial melt region and define the non-dimensional parameters d�, Pe� and 3� and
variable scales as in (2.37) using this length scale. With these values, we find the
solutions f�(z) and N �(z) numerically, as above. Then, writing XZl/l �, so that,
for example, PeZPe�X, (3.32) and (3.33) combine to give an equation for X

expðKPe�W0ðX Cy�mKd�sN
�ð0ÞÞKð1Cd�sN

�
z ð0ÞÞÞK1ð Þ

! 1Cd�sN
�
z ð1ÞCPe�½3�f�ð1ÞW0Cf�ð1Þ2ð1Cd�N �

z ð1ÞÞ�
� �

CPe�W0ðq�s CXKd�sN
�ð0ÞÞC1Cd�sN

�
z ð0ÞZ 0; ð3:34Þ

in which all the � variables are known. This can be solved to findX and therefore the
true depth scale l. Provided our original estimate of the length scale was good, the
solutions within the partial melt still hold with the true non-dimensional solutions
being given by fðyÞZXK1=2f�ðyK ybÞ and NðyÞZX1=2N �ðyK ybÞ.

With the length scale known, the depth of the onset of melting now follows
directly from (3.33), with the values of Nz(0) and N(0) coming from the partial
melt solution. In fact, our analytic boundary-layer solution allows us to find yb
exactly; from (3.18), we had Nð0ÞZdK1=3N̂ 0 and Nzð0ÞZK1=d. In terms of
dimensional variables, (3.33) therefore becomes

yb Z ym C
r lk

rsW0

K1:37
a2Dr2h2scGW0

bhlrsr lL

� �1=3

: ð3:35Þ

We see that the partial melt region may begin at a shallower depth than that
predicted by the lithostatic solidus due to heat conduction in the rock below, or
at a greater depth due to the depression of the solidus temperature from its
lithostatic value as a result of the effective pressure. In fact, these two effects may
have counterbalancing effects—in terms of our dimensionless parameters, yb!ym
if dsN̂ 0rPeW0=d

1=3O1, and with the values in (2.37) this is the case.
The full solutions for the temperature of the ascending mantle column and the

behaviour of the partial melt region are shown in figure 5. The predicted
thickness of the solidified lithosphere is approximately 2 km, considerably less
than the estimated thickness beneath mid-ocean ridges. This results from the
one-dimensional assumption that the rock continues to ascend all the way to
the surface, whereas in reality the cold rigid lithosphere will move sideways,
driven by the convective motion of the overlying plate.

The model equations in §2 apply equally well to this more realistic two-
dimensional situation, but the solutions are rather more complicated. The
varying mantle velocity alters the stress gradients driving melt flow, and the
boundaries ya and yb will depend on the lateral coordinate. The same technique
to determine the location of the boundaries will therefore not work and an
alternative method of solution needs to be found.

Also shown in figure 6 is the predicted region of partial melt when the
parameters are changed; as the mantle ascent rate W0 is reduced the size of
Proc. R. Soc. A
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Figure 6. (a) The predicted region of partial melt from (3.34) as a function of upwelling rateW0, with
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Figure 5. Steady-state solutions for (a) temperature, (b) effective pressure, (c ) partial melt fraction,
(d) matrix velocity and (e) melt velocity in the upper 60 km of an ascending column, with the values
given in table 1, KymZ50 km and W0Z3 cm yrK1. Horizontal dashed lines show the boundaries of
the partial melt. Between them the temperature closely follows the lithostatic solidus but is slightly
depressed from it by the effective pressure. An enlarged view of the temperature close to the onset of
melting is shown ( f ), with the position yb of partial melt boundary slightly below the intersection at
ymZK50 km of the lithostatic solidus (diagonal dashed) and mantle geotherm in the absence of
partial melt (near vertical dotted line). The continuity of temperature gradient at yb causes a
precursive decrease in the temperature of the subsolidus rock below. The jump in matrix velocity at
ya is necessary to ensure the total mass flux is continuous there.
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the partial melt region decreases until, if W0 is too small, there is no partial
melting at all. The temperature of the ascending rock, which determines where it
intersects the solidus, also influences the size of the partially molten region.
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4. Discussion

(a ) Thermodynamic boundary layer

The thermodynamic condition NZ0 at the upper boundary of the partial melt
required a boundary layer in which the pressure has to adjust rapidly. This was
described by the phase plane in (3.26) and figure 4, which admits a unique

solution to match with the outer region provided 2P!EW
1=2
0 . With our chosen

parameters in table 1, this is indeed the case, but it would not require a large
change for it not to be so.

If, conversely, 2POEW
1=2
0 , then the fixed point in the phase plane ðW 1=2

0 ;W
1=2
0 Þ,

to which we must match, becomes a stable node or spiral. This change is associated
with the lines KðfÞZ0 and V ðfÞZ0 crossing each other so that, when

2POEW
1=2
0 , the trajectory coming from NZ0 must cross the line VZ0. This is

only possible by passing through the point GZVZ0, which looks like a degenerate
saddle point in the phase plane; thus although there aremany trajectories that spiral
into the fixed point, there is still a unique one that passes through this degenerate
saddle. This suggests that a unique boundary-layer solution should exist in which
both f and N show oscillatory decay towards the outer solution.

This somewhat intriguing behaviour can be related to the characteristics of the
equations; including the time dependence in the boundary-layer analysis gives

3ft CV ðfÞfZ ZGðf;NÞ; NZ ZKðfÞ: ð4:1Þ

There is one real characteristic with speed V/3. When 2P!EW
1=2
0 , the solution

has V!0 corresponding to the characteristics entering the boundary layer from
below, whereas with 2POEW

1=2
0 the characteristics must change direction

within the boundary layer and point outwards to the outer solution.
Such solutions are found numerically when we increase the value of the

parameter P; figure 7 shows the steady state for PZ2. As KZ0 and VZ0 move
progressively further apart on the phase plane, the spiralling becomes more
pronounced, and there is the possibility that the effective pressure becomes
negative; this is shown in figure 7 for PZ10.

An exploration of parameter values does not show any obvious criterion that
produces these oscillatory solutions, and there appears to be no clear physical
meaning attached to the condition 2P!EW

1=2
0 , other than a certain

combination of physical properties; being a scaled inverse Péclet number, larger
values of P imply greater relative importance of heat conduction compared with
matrix advection. The very large oscillations in which N approaches zero seem to
be unlikely, but are within the bounds of possibility, particularly if the ascent
rate is small (less than 1 cm yrK1) and the melt is not too viscous.

The oscillations have their origin in the unusual thermodynamics; the effective
pressure controls the temperature, the matrix compaction and the melt
movement. These last two dynamical roles for the effective pressure require
that near the boundary of the partial melt there must be a very sudden change in
pressure, but the fact that this produces large temperature gradients which heat
conduction would attempt to smooth out seems to force the solutions for N (and
therefore also f) to have the unusual oscillatory profile.
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Figure 7. Steady-state solutions of equations (3.10) and (3.11) with boundary conditions (3.7) and
(3.8), with 3Z0.01, dZ0.01, W0Z1, and with PZ0 (dotted line), PZ2 (solid line) and PZ10
(dashed line). The boundary value of NZ0 at the top requires these oscillatory (but steady)
solutions that become more pronounced as P is increased; these can be compared with the phase
plane in figure 3b.
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(b ) Fracture initiation

We have assumed in this study that melt remains as a distributed porous flow
and solidifies at the base of the lithosphere. Continued transport into the
lithosphere requires localized flow through a conduit or fracture and will need a
sufficiently large melt flux to avoid solidification. Magmafracturing (Spence et al.
1987; Lister & Kerr 1991; Roper & Lister 2005), aided by the supply of large
quantities of melt from below, may be possible if substantial flow localization
occurs in the partial melt, and several mechanical and chemical instabilities have
been suggested to do this (Spiegelman & McKenzie 1987; Stevenson 1989;
Aharonov et al. 1995; Spiegelman et al. 2001; Katz et al. 2006). Alternatively, the
fracture could occur within the partially molten region and draw in melt from the
surroundings to establish an interconnected network of veins or dykes (Nicolas
1986; Sleep 1988; Ito & Martel 2002). In either case, something must cause these
fractures to be initiated.

The Griffith criterion suggests that such fracture should occur when the stored
elastic energy becomes larger than the surface energy that is created when
individual grains are pulled apart. The stored energy has size approximately
s2a3=E and the surface energy is approximately ga2, where a is the typical grain
size, g the surface energy, E Young’s modulus and s is the applied stress.
Fracture therefore occurs if

sOSh
Eg

a

� �1=2

; ð4:2Þ

with typical values ofS of the order of 1 MPa (Sleep 1988; Fowler 1990b). If t1 is the
largest principal deviatoric stress, the largest effective stress is sZp l K p sCt1,
giving the condition

N!t1KS: ð4:3Þ
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This suggests that the matrix will fracture if the effective pressure becomes
small enough. At a spreading mid-ocean ridge, a rough estimate of deviatoric
stress is t1whsV0=lw0:2 MPa using our previously given values, but this does
not take account of the temperature-dependent viscosity; as the rock cools
towards the surface, the viscosity will increase significantly from the 1019 Pa
used above and stresses of several MPa or more are probable there. In this case
t1OS, and since the upper boundary condition on the partial melt requires N to
reduce towards zero there, the conditions for fracture initiation may well be met.
The possibility for oscillatory solutions to the boundary layer in §4a also offer
the intriguing possibility that the fracture criterion may be met lower within the
partial melt; this would enable the newly initiated fracture to grow by drawing
in melt from the surroundings.

Fractures would occur normal to the largest extensional deviatoric stress t1;
beneath spreading mid-ocean ridges this is horizontal, so fractures will be vertical
and allow for efficient transport of melt.
5. Conclusions

We have proposed model equations for an upwelling mantle region, comprising
both partially molten and solid rock, with consistent conditions at the interfaces
between these. The equations for the partial melt are essentially the same as
those of McKenzie (1984) and Šrámek et al. (2007), the differences arising from
their simplification and use. Our work follows the related study of soil mechanics
in using the effective pressure as a primary variable on account of its fundamental
control on the compaction of the matrix. The chief difference between our analysis
and other authors’ is then to make use of the fact that the melt fraction is small,
and the bulk viscosity is larger than the intrinsic shear viscosity.

There has been little previous discussion in the literature of the appropriate
boundary conditions for the partial melt region, although they must form an
integral part of the problem; thermodynamic equilibrium of the partial melt
boundaries requires that either the melt fraction f or effective pressure N must
be zero there. The partial melt dynamics can be reduced to an unusual
degenerate pair of equations for f and N, (3.10) and (3.11), for which these
conditions appear to determine a unique steady state.

The solutions for one-dimensional upwelling are shown in figures 5 and 6 and
agree in many respects with other published results: the parabolic melt profile
(Ahern & Turcotte 1979; Šrámek et al. 2007); the near-linear decrease in matrix
velocity; the viscous boundary layer near the onset of melting (Fowler 1990b;
Šrámek et al. 2007); and the presence of a temperature precursor beneath the
partial melt (Ahern & Turcotte 1979). Future work will hope to extend these
solutions to two dimensions, with lateral movement of both matrix and melt, but
solving the full problem in this case is by no means trivial.

The boundary-layer treatment of temperature and pressure gradients at the
bottom of the partial melt allow an expression (3.35) to be derived for the depth of
onset of melting. Šrámek et al. (2007) pointed out that including the density
difference rs1 will cause some extra problems near this boundary; there will be a
small region in which the lower density melt requires an infinite pressure gradient
to drive it through the matrix. The same behaviour occurs in our solutions if the
Proc. R. Soc. A
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density difference is included, and it seems that some form of disequilibrium
melting may be required. With realistic parameters however the region over which
these issues arise is very small and would, for instance, make no discernible
difference to the graph of figure 4.

The boundary layer required at the top of the partial melt suggests an
interesting interplay between the thermal and dynamical roles of the effective
pressure, which can lead to an oscillatory profile (figure 7). A steady oscillatory
structure occurs when the relative effects of heat conduction to matrix advection
within this layer are large enough. Very significant oscillations in which the
effective pressure approaches zero may be possible if the mantle ascent rate is less
than approximately 1 cm yrK1. It is not clear how such effects will manifest
themselves in the two-dimensional case or when more thermodynamic
components are considered. We cannot therefore conclude that such structures
will necessarily exist, but rather that the role of heat conduction, when the
solidus is pressure dependent, may have some unexpected effects.

The boundary condition requiring N to go to 0 at the top of the partial melt
will necessarily produce conditions that make fracture according to (4.3) a
distinct possibility, and oscillations of the pressure may also cause this initiation
criterion to be met deeper in the partial melt. The requirement that melt
pressures must adjust to maintain thermodynamic equilibrium may therefore be
the cause of fracture and consequent continued transport into the lithosphere.

A.C.F. acknowledges the support of the Mathematics Applications Consortium for Science and
Industry (www.macsi.ul.ie) funded by the Science Foundation Ireland mathematics initiative grant
06/MI/005. I.J.H. acknowledges the award of an EPSRC studentship. We thank the reviewers
S. Hier-Majumder and R. F. Katz for their helpful comments on the manuscript.
References

Aharonov, E., Whitehead, J., Kelemen, P. & Spiegelman, M. 1995 Channeling instability of
upwelling melt in the mantle. J. Geophys. Res. 100, 20 433–20 450. (doi:10.1029/95JB01307)

Ahern, J. L. & Turcotte, D. L. 1979 Magma migration beneath an ocean ridge. Earth Planet. Sci.
Lett. 45, 115–122. (doi:10.1016/0012-821X(79)90113-4)

Batchelor, G. K. 1967 An introduction to fluid mechanics. Cambridge, UK: Cambridge University
Press.

Bercovici, D., Ricard, Y. & Schubert, G. 2001 A two-phase model for compaction and damage.
1. General theory. J. Geophys. Res. 106, 8887–8906. (doi:10.1029/2000JB900430)

Drew, D. A. 1983 Mathematical modeling of two-phase flow. Annu. Rev. Fluid Mech. 15, 261–291.
(doi:10.1146/annurev.fl.15.010183.001401)

Fowler, A. C. 1985 A mathematical model of magma transport in the asthenosphere. Geophys.
Astrophys. Fluid Dyn. 33, 63–96. (doi:10.1080/03091928508245423)

Fowler, A. C. 1989 Generation and creep of magma in the Earth. SIAM J. Appl. Math. 49, 231–245.
(doi:10.1137/0149014)

Fowler, A. C. 1990aA compactionmodel for melt transport in the Earth’s asthenosphere. Part 1. The
basic model. In Magma transport and storage (ed. M. Ryan), pp. 3–14. New York, NY: Wiley.

Fowler, A. C. 1990b A compaction model for melt transport in the Earth’s asthenosphere. Part 2.
Applications. In Magma transport and storage (ed. M. Ryan), pp. 15–32. New York, NY: Wiley.

Ito, G. & Martel, S. J. 2002 Focusing of magma in the upper mantle through dike interaction.
J. Geophys. Res. 107, 2223. (doi:10.1029/2001JB000251)

Kamb, B. 1961 The thermodynamic theory of non-hydrostatically stressed solids. J. Geophys. Res.
66, 259–271. (doi:10.1029/JZ066i001p00259)
Proc. R. Soc. A

http://www.macsi.ul.ie
http://dx.doi.org/doi:10.1029/95JB01307
http://dx.doi.org/doi:10.1016/0012-821X(79)90113-4
http://dx.doi.org/doi:10.1029/2000JB900430
http://dx.doi.org/doi:10.1146/annurev.fl.15.010183.001401
http://dx.doi.org/doi:10.1080/03091928508245423
http://dx.doi.org/doi:10.1137/0149014
http://dx.doi.org/doi:10.1029/2001JB000251
http://dx.doi.org/doi:10.1029/JZ066i001p00259


25Partial melting
Katz, R. F., Spiegelman, M. & Holtzman, B. 2006 The dynamics of melt and shear localization in
partially molten aggregates. Nature 442, 676–679. (doi:10.1038/nature05039)

Lister, J. R. & Kerr, R. C. 1991 Fluid-mechanical models of crack propagation and their
application to magma transport in dykes. J. Geophys. Res. 96, 10 049–10 077. (doi:10.1029/
91JB00600)

McKenzie, D. 1984 The generation and compaction of partially molten rock. J. Petrol. 25, 713–765.
Nicolas, A. 1986 A melt extraction model based on structural studies in mantle peridotites.

J. Petrol. 27, 999–1022.
Nye, J. F. 1953 The flow law of ice from measurements in glacier tunnels, laboratory experiments

and the Jungfraufirn borehold experiment. Proc. R. Soc. A 219, 477–489. (doi:10.1098/rspa.
1953.0161)

Ribe, N. M. 1985 The deformation and compaction of partial molten zones. Geophys. J. R. Astron.
Soc. 83, 487–501. (doi:10.111/j.1365-246x1985.tb06499.x)

Roper, S. M. & Lister, J. R. 2005 Buoyancy-driven crack propagation from an over-pressured
source. J. Fluid Mech. 536, 79–98. (doi:10.1017/S0022112005004337)

Scott, D. R. & Stevenson, D. J. 1986 Magma ascent by porous flow. J. Geophys. Res. 91,
9283–9296. (doi:10.1029/JB091iB09p09283)

Sleep, N. 1988 Tapping of melt by veins and dikes. J. Geophys. Res. 93, 10 255–10 272. (doi:10.
1029/JB093iB09p10255)

Spence, D. A., Sharp, P.W. & Turcotte, D. L. 1987 Buoyancy-driven crack propagation: a mechanism
for magma migration. J. Fluid. Mech. 174, 135–153. (doi:10.1017/S0022112087000077)

Spiegelman, M. 1993 Flow in deformable porous media. Part 1: simple analysis. J. Fluid Mech. 247,
17–38. (doi:10.1017/S0022112093000369)

Spiegelman, M. & McKenzie, D. 1987 Simple 2-D models for melt extraction at mid-ocean ridges
and island arcs. Earth Planet. Sci. Lett. 83, 137–152. (doi:10.1016/0012-821X(87)90057-4)

Spiegelman, M., Keleman, P. B. & Aharonov, E. 2001 Causes and consequences of flow
organization during melt transport: the reaction infiltration instability in compactible media.
J. Geophys. Res. 106, 2061–2078. (doi:10.1029/2000JB900240)
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